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Abstract: We design efficient diffractive optical elements to generate rotating point spread 
functions for incoherent three-dimensional computational imaging systems. Higher diffraction 
efficiency is important for increasing signal-to-noise and accuracy. We present examples of three-
dimensional information retrieval. 
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1. Introduction 
 
Conventional imaging systems often ignore one of the three spatial dimensions. However, the depth dimension 
manifests itself as defocus, which is largely considered as an aberration in 2D imaging. In 3D imaging , defocus can 
be used to estimate depth [1,2]. Moreover, it has been recently shown that improved estimation accuracy can be 
achieved by using rotating point spread functions (PSFs). Rotating PSFs can be  engineered from a superposition of 
Gauss-Laguerre (GL) modes and implemented holographically [3]. The transverse cross sections of such PSFs rotate 
in opposite directions as the system is defocused in either direction, effectively encoding depth. Consequently, the 
depth can be estimated by determining the angle of rotation.  
     Most applications could greatly benefit from an optical element’s high diffraction efficiency and on-axis imaging 
capability. Therefore, in this paper, we present efficient on-axis diffractive optical elements that make this 3D 
imaging technique amenable for photon-limited systems. 
 
 
2. Rotating point spread functions 
 
GL modes that lie on a straight line in the GL modal plane generate the so called rotating beams.  When 
implemented in an imaging system with a diffractive optical element, they generate a PSF that rotates with misfocus 
[3,4]. Here, we consider the superposition of GL modes (1, 1), (3, 5), (5, 9), (7, 13), and (9, 17). This combination 
has been shown to have a small, wide, and flat Cramer-Rao bound with defocus, which is a measure of high 
estimation accuracy, large range, and uniformity in estimation [4]. This PSF has two prominent amplitude peaks and 
low intensity side lobes. Depth is estimated through defocus by determining the angle between the two amplitude 
peaks.  
     Typical rotating PSFs require a transfer function that modulates both amplitude and phase and therefore absorb 
light and are inherently inefficient. A Computer Generated Hologram (CGH) is usually used to generate the PSF. 
Because the GL mode superposition is a Self-Fourier transforming function, it can be implemented by coding an 
appropriately scaled version of itself with a CGH in the Fourier plane of the imaging system. However, this 
encoding is further complicated by the fact that the function to encode has both amplitude and phase. A reference 
wave is generally introduced to represent both amplitude and phase as an amplitude/phase only hologram. If the 
reference wave is chosen as a plane wave, then the diffraction orders are off axis, and a significant portion of energy 
is wasted in the on-axis zero order. In general, the introduction of a reference wave will result in more than one 
order. Since the system uses only one order, a large portion of the incoming light is left unused. Further, an 
amplitude hologram absorbs light. Typical off-axis amplitude hologram implementations have less than 5% 
diffraction efficiency. The CGH encoding then adds to the inherent low efficiency of the rotating PSF. Thus, the 
need is to design a phase only hologram that produces the desired PSF as an on-axis diffraction order having 
maximum diffraction efficiency. 



3. Efficient point spread function design 
 
Experience indicates that the phase of the GL superposition mode is more important than its amplitude to generate 
the effect of  rotation. Indeed the wave front dislocations or vortices are critical in rotating waves [3]. For example, 
we have observed that the PSF rotates  - with minor modifications - even if the modulated amplitude of the GL 
mode superposition is replaced by a constant amplitude. However, since a constant amplitude function has sharp 
cutoffs in the edges, the rotating PSF is affected by unwanted side lobes. These side lobes can be eliminated by 
using an apodizing amplitude function, like a Gaussian. 
Figure 1 shows the transverse intensity cross section through focus for the exact GL mode superposition, the phase-
only implementation, and the apodized phase implementation. Note that the artifacts introduced by a constant 
amplitude (b) are eliminated with the apodization (c). Moreover, the apodized phase PSF is extremely similar to the 
exact GL modal superposition, while keeping the essential characteristic of two equal-intensity spots with the same 
rate of rotation through focus. 
 
The advantages of this approach for generating rotating PSFs are: (1) The theoretical PSF is less absorbing. (2) the 
desired PSF is more amenable for on-axis implementation with advantages of efficiency and simplicity. Numerical 
modeling shows that the phase only Fourier hologram can be implemented with as low as a four quantized phase 
levels.  
 

 
 

Fig 1. Transverse cross sections of GL mode superposition (a), phase-only implementation (b), and Gaussian apodized phase implementation (c) 
at various axial locations within the Rayleigh range. 

 
4. Depth map estimation  
 
We now simulate the depth estimation of a 3D parabolic object using the proposed PSF. Because we need relatively 
high spatial frequency content for accurate estimation, we add noise (texture) to the 3D surface. In the simulation 
shown in Figure 2, the system is focused a little farther from the apex. Two images are used, one from a 
conventional PSF imaging system and one from the rotating PSF system. As expected, in the image produced by a 
conventional 2D imaging system, the region in focus is clear while all other regions are blurred out. However, in a 
rotating PSF image, assuming that the maximum depth of the parabola is within the Rayleigh range, there is no 
blurring out of the image. Instead, the defocus manifests itself as a systematic rotation of the PSF. The rotating PSF 
is recovered in each region of interest by a deconvolution process. The angle of rotation at a particular region is 
estimated by determining the angle between the two peaks of the PSF in that region. Finally, the depth is recovered 
using the theoretical expression )2/tan(fozz = , where fand,z,z o are the depth, Rayleigh range, and the rotation 
angle, respectively [4, 5]. 
 
          In conclusion, we described a new PSF design for efficient imaging and depth estimation using rotating PSFs. 
 



 
 Fig. 2.  Conventional 2D image (a), rotating PSF image (b), the actual  3D profile (c), and the estimated 3D profile (d) of a 3D parabolic object,.      
      
  
5. Acknowledgements 
 
SRPP thankfully acknowledges supports from a CDM-Omnivision fellowship. This work was supported in part by 
the National Science Foundation under award ECS-225533, and by the Technology Transfer Office at the University 
of Colorado. 
 
 
6. References  
 
[1]  A. P. Pentland, “A new sense from depth of field,” IEEE Trans. Pattern Analysis and Machine Intelligence 9, 523-531, 1987. 
 
[2] S. Chaudhuri and A.N. Rajagopalan, “Depth from Defocus: A real aperture imaging approach”, Springer, 1999 
 
[3] R. Piestun, Y. Y. Schechner, and J. Shamir, “Propagation-invariant wave fields with finite energy ,” J. Opt. Soc. Am. A 17, 294-303 2000 
 
[4] A. Greengard, Y. Y. Schechner, and R. Piestun, “Depth from diffracted rotation,” Opt. Lett. 31, 181-183 2006 
 
[5] Y. Y. Schechner, R. Piestun, and J. Shamir, “Wave propagation with rotating intensity distributions,” Phys. Rev. E 54, R50-R53, 1996. 
 
 

 


